CHOW STABILITY OF CURVES OF GENUS 4 IN 



HOSUNG KIM 

Abstract. In the paper, we study the GIT construction of the moduli space 
of Chow semistable curves of genus 4 in . By using the GIT method devel- 
oped by Mumford and a deformation theoretic argument, we give a modular 
description of this moduli space. We classify Chow stable or Chow semistable 
curves when they are irreducible or nonreduced. Then we work out the case 
when a curve has two components. Our classification provides some clues to 
understand the birational map from the moduli space M4 of stable curves of 
genus 4 to the moduli space of Chow semistable curves of genus 4 in P'^ . 



1. Introduction 

An n-canonical curve C C is a stable curve embedded by Iw®"!. Let ChoWg_„ 
be the closure of the locus of n-canonical curves of genus g in the Chow variety. 
Then we have the following GIT quotient: 

Chowg,„//SLN+i 

where N = {2n — l){g — 1) — 1 if 5 > 2 and N = g — 1 ii n = 1. To understand this 
GIT quotient space, we need to have a criterion for the GIT stability of a Chow 
form, i.e.. Chow stability. In [5], Lee and the author provided a criterion for the 
stability of plane curves in terms of log canonical thresholds. This criterion implies 
that (P^,C) should be replaced in Hacking's construction of a compact moduli 
space of plane curves [5] if C is not Chow stable. 

Mumford [TT] showed that, for n > 5 and g > 2, the Chow stable points are 
precisely the n-canonical curves. Schubert [T^] considered the case n = 3 and 
(7 > 3. He proved that a tri-canonical curve is stable if and only if it is pseudo- 
stable and also showed that there is no strictly Chow semistable curve. Hyeon 
and Lee considered the case n = 3,4 and 5 = 2. In 7 , they proved that genus 
two pseudo-stable curve are indeed Chow semistable and completely classified the 
strictly Chow semistable points. They also concerned the case n = 2 and 5 = 3. 
In [H], they showed that the quotient space is the moduli space of c-stable curves. 
Hassett and Hyeon studied for the case n = 2 and 5 > 4 in [5] and for the case 
n = 4 in [S]. However, at present we have little understanding of Chowg i//SLn-i-i 
for 5 > 4. 
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This paper concerns the case n — 1 and g ^ A. To determine which curve is 
Chow stable or Chow semistable, we use a classical method developed by Mumford 
and a deformation theoretic argument. Precisely we have the following results: 

Theorem 1.1. (1) Let C be a smooth curve of genus 4- If C is a nonhy- 
perelliptic curve, then C C P'^ embedded by \ujc\ is Chow stable. If C is 
a hyperelliptic curve, then the canonical image of C , i.e. a double curve 
supported on a twisted cubic curve in P"^, is strictly Chow semistable. Fur- 
thermore, it is the only nonreduced Chow semistable curve representing a 
point in Chow4,i//SL4. 

(2) Let C be a reduced, irreducible and nondegenerate curve of genus 4 o,'<^d 
degree 6 in Assume that C has at most nodes, ordinary cusps and 
tacnodes as its singularities. Then C is Chow semistable. Moreover C 
is strictly Chow semistable if and only if C has a tacnode and there is 
a hyperplane H meeting with multiplicity 3 at each inverse point of the 
tacnode in C where C is the normalizaion of C . 

(3) All three connected stable curves of genus 4 with two smooth components 
except 3-pointed elliptic tails are Chow stable. All 3-pointed elliptic tails 
are strictly Chow semistable and are identified in Chow4^i//SL4. 

Theorem will be proved in Section [3l 

According to the above results, we have a birational map 

M4 --^ Chow4j//SL4 

and some clues to understand this birational map. We know that an elliptic tail in 
a stable curve of genus 4 is replaced by a curve with a cusp by ([2]). We show that 
stable curves of genus 4 in the boundary divisor 82 are identified in Chow4.i//SL4. 
An elliptic bridge in a stable curve of genus 4 is replaced by a curve with a tacnode. 

Throughout, we work over an algebraically closed field k of characteristic zero. 
The genus of a curve means its arithmetic genus. For a smooth point p G C, we use 
the notation T(C)px{o} = (rt's^'o, fifi^S ^^s''^ T^s^^) for the ideal of OcxAi,px{o} 
generated by t''"s'"'' f^^s""^ where s (resp. t) is the local parameter of Oc,p (resp. 
C'ai,o)) I'i = v{Xi) where v is the natural valuation on Oc,p and A"o,...,Ar3 are the 
given homogeneous coordinates of P'^ . 

2. Chow stability 

In this section, we will review some methods for determining which Chow cycles 
are stable or semistable developed by Mumford, Gieseker and Schubert. For more 
detail, we refer to [11] and [12] . 

A weighted flag F of iJ°(P", Op- (1)) is a fihration 77° (P", Op- (1)) = Vb D • • • D 
Vn where each 1^ is a vector space of dimension n + \ — i and a set of integers 
r^) > ■ ■ ■ > rn > 0. Note that, for coordinates Xo,...,Ar„ on P", we have a filtration 
if°(P",Op-(l)) = Vb D • • • D K where each Vi = span{X„ 

Let X be a variety in P" of dimension r, and let F be a weighted flag of 
i7°(P", Op- (1)) as above. Let a : X ^ X be a proper birational morphism of 
varieties. Let I{X) = Z be the ideal sheaf of O^^^^^i defined by 

I ■ [a*Ox(l) ® O^i] = the subsheaf generated by t'^^a*Xi [i — 1, ...,n). 

We denote 

eF{X):^ n.l.c. of xl^xxA^ M A^'^xxAi M) 
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where x(C'x' (iri) /X™Ox' is a polynomial of degree r+1 for to ^ 0. By Lemma 
5.6 of lUJ, we know that epiX) is independent of a. 

For a Chow cycle X = J2 (^i^i where Yi are varieties, we let ep{X) ^ aiepiYi). 

Theorem 2.1. [llj A Chow cycle X is Chow semistable (resp. Chow stable) if 
and only if 

ej.(X) - ^-tl degX Vri < (resp. < 0) 
n + 1 

for every weighted flag F o/ i/°(P", Op.. (1)). 

We now consider ways to estimate ep{X). 

Lemma 2.2. |12| Let X be a r dimensional subvariety o/P". Let F be the weighted 
flag determined by Xo,-..,Xn and rg > ... > r„ — 0. Suppose Xj,...,Xn vanish on X 
and ro = • • • = rj-i. Then epiX) = (r + l)ro deg{X). 

Lemma 2.3. 12J Let R be the homogeneous coordinate ring of a variety X in 
P". Let Ix be the ideal in R[t] generated by {Xit^^\i — 0, ...,n}. Then ep(X) ~ 
n.Lc. dim/j(i?[t]//3P)m where = ffii^i^i[*] grading for R[t]. 

In the rest of this section, we assume that X is a subvariety of P" of dimension 
1 and is a weighted flag of i7°(P", Op^{l)) as above. 

Let a : X ^ X he the normalization of X. Suppose there is an i such that 
a*Xi does not vanish on X and = 0. For each p £ X, we denote eFiX)p = 
n.l.c.dimfc(O^^Ai Then epiX) = J2pf=x eF{X)p. By assumption, 

we know that eF{X)p = for all but finitely many points p Cz X. 

Lemma 2.4. [12] In the above situation, suppose v{a*Xi) + r; > a for i — 0, ...,n 

where v is the natural valuation on O-^ ^. Then eF{X)p > a} . 

For a subvector space A of i/''(P", Op.. (1)), let La be the linear space defined 
by sections in A. Let Pla ■ ~ -^A ~^ P(A) be the projection with center La- 
By composition of Pl^ ^'^^ the normalization AT — > X, we get a morphism oth^ ■ 
X P(A). Let degPL^(A") be the degree of the image of multiplied by the 
degree of if dim(aLA(C')) = 1 and otherwise. Let d he the degree of X. 
We say X is linearly semistable (resp. stable) if the slop of the line joining (0, 0) 
and {degPLA{X),dim{A) — 1) is smaller than or equal to (resp. strictly smaller 
than) that of the line joining (0, 0) and (d, n) for all A C i/°(P", Op.. (1)) such that 
dimaLAX) = 1. 



, - 'slope=^ 

,»''(d,n) , dopc- dimA-l 

, - - Slope- j^gp^ (^) 



(degPijX),dim(A)-l) 
d 



Mumford showed the following in pT| . 
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Theorem 2.5. PJJ Let X C P" he a subvariety of dimension 1. If X is linearly 
semistable (resp. linearly stable), then X is Chow semistable (resp. Chow stable). 

Let Li C P" be the linear subspace defined by the sections in Vi and Pl^ : 
P" — Li F{Vi) be the natural projection. Let e; := d — deg PLi{X). Then we 
have the following theorem. 

Theorem 2.6. [11] Let X be a subvariety o/P" of dimension 1. Then 

i-i 

epiX) < min Vl^-^, " )(es, + e^^+ J. 

0=So< - <Si=Tl ^ ' 

Remark 2.7. Plot the points {ei,ri) as shown in the below figure. The key obser- 
vation is that the sum X]i=o(^Si ~ ''si+i)(esi + Csj^J associated to a subsequence 
= So < • • • < Si = represents twice the area in the first quadrant bounded by the 
axes and the curve obtained by joining the pairs of points (esi,rsj and (e^i^i, Ts.^J. 
Taking the minimum of these sums over all such subsequences amounts to comput- 
ing twice the area under the lower envelope of these points [TT]. 



(eo,ro) 

\^ •(ei,ri) 

~~.(e2,r2) 
,.-<^-, •(e3,r3) 

minimal area ' ~ - _ 

given by sum using ~ - , _ (64, r4) 

(0,2,4,5) *"~"'"-----,,_fo,r5) 



e 



3. Chow stability of curves of genus 4 in P^ 
Now we want to understand the GIT quotient space 

Chow4_i//SL4. 

To do this, we need to have a criterion for the Chow stability. 

3.1. Chow stability of smooth curves. Let C be a smooth curve of genus 4. 
Let a : C ^ P'^ be a morphism defined by \ujc\- Then a{C) C P'^ corresponds to 
the point (6, 3) in the following diagram. 
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= d-4 



d — deg a(C) 



By Riemann-Roch Theorem and Clifford Theorem on C, any projection of 
0({C) C P"^ corresponds to a point (d, n) below broken line with d < 6, n < 3 
[llj . From the diagram and the above argument, it is clear that the slope does not 
increase. Therefore we conclude that a{C) C P"^ is linearly semistable and hence it 
is Chow semistable. 

If C is nonhyperellitic, then a is an embedding. Since C is smooth and there is 
no degree 2 morphism form C to P^, we can see that C C P'^ is linearly stable and 
hence it is Chow stable. 

If C is a hyperelliptic curve of genus 4, a{C) is a double curve supported on a 
twisted cubic curve in P^. Hence we have the following proposition. 

Proposition 3.1. Let C be a hyperelliptic curve of genus 4. Let a : C ^ P^ be a 
morphism defined by \luc\- Then a(C) C P'^ is strictly Chow semistable. 

Proof. From the above argument, we only need to show that it is not Chow stable. 
We know that a{C) = 2Ci where Ci is a twisted cubic curve in P^. Let p be a 
point of Ci. Choose Xo,...,X3 in iJ"(p3, Op„ (1)) such that Xi, X2, X3 vanish at p, 
X2, X3 vanish to order > 2 at p, and X3 vanishes to order > 3 at p(i.e., {X3 = 0) 
is the osculating hyperplane at p). Let ro = 3, ri = 2, r2 = 1, r^ — 0. For the 
corresponding weighted flag F, epiC) — 2e_F(Ci) > 2eF{Ci)p > 2 • 9 = iYl^i by 
Lemma 12.41 □ 

By the above results, we know that there is a birational map M4 Chow4_i//SL4 
and all stable curves in the closure of hyperelliptic locus are identified in the quo- 
tient space. 

3.2. Some technical lemmas. In this section, we give some technical lemmas 
which will be used in calculating the bounds of the invariant e p (C) in the remaining 
sections. 

Lemma 3.2. Let C be a curve which is smooth at a point p. Let s generate the 
maximal ideal of Oc,p. Let R = OcxAi.pxfo} — Oc.p[t](s,t), I ol^ ideal of R, and 
e(/) = n.l.c.dimfe(i?//'"). Then we have the following: 

(1) Ifl={t'\s^),thene{l)^ab. 

(2) // / = {f.tPs^.s^), then e{I) < aq + bp. Moreover i/ f + f < 1, then 
e{L) ~ aq + bp. 

Proof (1) Since /™ = ({t'^"i+''is*"2+''2 + n2 > m,ri < a,r2 < &}), the set of 
bases of i?//™ is 

{s'"+''t^\0 <i<m-l,0<j< aim-i) - 1,0 < fc < 6 - 1}. 
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Therefore 

m—l 

dimfe(i?//™) = ^ a(m - i)b = ab{m^ + m)/2. 
Hence e(7) = n.l.c.dimfc(i?/7'") = ab. 

(2) Since J™ = (iPs«)"2s''"3+''2 |ni + + rig > m,ri < a,r2 < 6}), the 

following spans the vector space R/I^. In particular, if | + | < 1, those form a 
basis of the vector space. 

1 s ■■■ s*""-! 

t ts ■■■ ts^""-^ 



fP+lg ... tP+lg^-l 



ja-l(^Pgg^m-l ^a-l^^p^q^m-l^ ... ^a-l^^p^g^m-l^q-l 

Therefore 

m 

dinife(ii/7™) < ^ 6pi + {ai - p)q = {aq + bp){m^ + m)/2 - pqm. 

i=l 

Hence e(/) = n.l.c.dimfc(J?/J'") <aq + bp and the equality holds if f + f < 1. □ 

Lemma 3.3. Let F be the weighted flag o/ i7'-'(P'', Ops (1)) determined by coordi- 
nates Xo,...,X3 and ro > ... > ra = 0. Let C be a curve which is not contained in 
the hyperplane {X3 = 0) . Let p € C {X3 = 0) . Suppose that C is smooth at p 
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and Vi — v{Xi) where v is the of the natural valuation on Oc,p- Then we have the 
following: 

(1) Ifp i {X2 = X3 = 0), then eF{C)p = ^2^3. 

(2) Ifpe iX2 = X3 = 0) and py^ (1,0,0,0), then ef(C)p < nvs- 

(3) If p — (1, 0, 0, 0), then ep{C)p < r^vs and eF{C)p < tq + riv^. 

Proof. We will find the bounds by using Lemma 13.21 Note that X(C)px{o} — 
^t-os-o^t^is-\t^-s^^s^^) and eF{C)p = n.l.c.dim (OcxAi,px{o} A(C);"x{o})- 

Suppose p i {X2 = X3 = 0). Then V2 = 0. Thus X(C)px{o} = s"^) and 
hence ep(C)p = ?'2f3. 

Assume p e (X2 = X3 = 0) and p ^ (1,0,0,0). Then vi = 0. Therefore 
X(C)px{o} > (^'"Ss"^) and hence eF{C)p < riv^. 

Let p ~ (1,0,0,0). Then vq ~ 0. Since = 1, W2 = 1 or V3 = 1, we have 
X(C)px{o} > (t''",s"^) andZ(C)px{o} > (t"", s"^). Therefore eF(C)p < rovs 
and eF{C)p < r^ + riv^. □ 

Remark 3.4. Let C be a smooth curve in P'^ and Cn(X3 = 0) = ^ OiPi + X) bjQj+cp 
where p = (1,0,0,0), ^,(7^ p) G (X2 = X3 = 0), and ^ {X2 = X3 = 0). Let 
^ flj a and ^ 6j = 6. By the previous Lemma 13.31 we have 

qj + eF{C)p < ari + br2 + cro 

and 

qj + eF{C)p < ari + br2 + (ro + cri). 

Let d :— degC. Then eF{C) < + dri. If there exists a point in Ci fl (X3 = 0) 
which does not lie on {X2 = X3 = 0), then epiC) < ro + {d — l)ri + r2- If C meets 
(X3 = 0) at p = (1,0,0,0) with multiplicity 1, then epiC) < ro + {d - l)ri. 

Lemma 3.5. Let F be the weighted flag of H'^{¥'^,Op2{l)) determined by coordi- 
nates Xq, Xi, X2 and ro > ri > r2 ~ 0. Let C be a curve which is not contained in 
the hyperplane {X2 — 0). Let p G Cfl {X2 = 0). Suppose that C is smooth at p. Let 
Vi = v{Xi) where v is the natural valuation on Oc,p- Then we have the following: 

(1) //p^ (1,0,0) thenepiC)p = r,V2. 

(2) If p = (1, 0, 0) then ep{C)p < roV2 and ep{C)p < tq + riV2- 

Proof. For the proof, we use Lemma [3^ 

NotethatX(C)px{o}=(i'^°s''°,ris'^Ss''^) and ef(C)p - n.l.c.dim (OcxAi,px{o} ^(C)^^^^^). 
Suppose p ^ (1, 0, 0). Then vi ^ 0. Therefore X(C)px{o} (t"^' , «"") and hence 
ep{C)p = riV2. 

Assume p = (1,0,0). Then vq = 0. Thus X(C)px{o} > (^''^ «"''), and hence 
ep{C)p < roV2. Since = 1 or ^2 = 1, we have X(C')px{o} > {t^° jt"^^ s, s^^). 
Therefore ep{C)p < ro + riV2. □ 

Remark 3.6. Let C be a smooth curve of degree d in and C fl {X2 = 0) = 
^ OiPi + bp where p — (1, 0, 0), pi 7^ (1, 0, 0). Let '^Oi — a. By the above Lemma 
13. 5[ we have ep{C) < bro + ari and ep{C) < tq + dri. If C meets {X2 = 0) at p 
with multiplicity 1, then ep{C) < ro + {d — l)ri. 

Lemma 3.7. Let R = k[X,Y]. For the ideal I = [f'X.t^Y) of R[t], 

n.l.c. dimfe(i?[t]//'")„ = a + b. 
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Proof. Since /' 



rti 



(^{t'^i+b] x^Y^ \i + j = m}), 



m m 



dimk{R[t]/I"')m = ^ ai + bj = ^ai + b{m~i) = '^i{a-b) +mb 




m(m + 1) , , , , , a + b , n . 

= ——^ -{a - 6) + m{m + l)b = —^{m^ + m). 



□ 



Lemma 3.8. Let F be the weighted flag o/ i?°(P^, C'p3(l)) determined by coordi- 
nates X{),...,X^ and r^y > ... > r^ — Q. Let L be a line which is contained in the 
hyperplane (X^ = 0). Then epiL) is as follows: 

(1) IfL= {X2 =X3 = 0), then ej.(i) = ro +ri. 

(2) If L — {Xq = aXi + bX2,X3 = 0) for some a and b, then epiL) = ri+r2. 

(3) IfL= {Xi = aX2,X3 = 0), then epiL) = tq + r2. 

Proof. Let R be the homogeneous coordinate ring of L. Let / be the ideal in R[t] 
which is generated by {Xitl\i — 0, ...,3}. Then ep{L) = n.l.c.dimfc(i?[t]//™),n- 

In case (1), R = k[Xo,Xi] and / = (Xq^o, Xifi). In case (2), R = k[Xi,X2] 
and / = (Xiri,X2r2). In case (3), R = k[Xo,X2] and / = {Xof°,X2f^). Thus, 
from Lemma 12.31 and Lemma 13.71 the results follow. □ 

Lemma 3.9. Let F be the weighted flag of H'^{F^,Op3{l)) determined by coordi- 
nates Xo,...,X3 and ro > ■ ■ ■ > r^ = 0. Let L be a line which is not contained in 
the hyperplane (X3 — 0). Let L fl {Xt, = 0) — p. Then we have the following : 

(1) Ifp= (1,0,0,0), then ep{L) = tq. 

(2) Ifp^ (1,0,0,0) andp(E {X2 = X3 =0), then ep{L) =ri. 

(3) Ifp i {X2 = X3 = 0), then epiL) = ra. 

Proof We have Z(L)px{o} = {f«s''",V^s''\f^s''^,s) and ep{L) = ep{L)p since L 
is not contained in {X^ — 0). 

Suppose p — (1, 0, 0, 0). Then f = and hence Z(L)px{o} = {t^", s). Therefore 
eF{L)p = ro. 

Suppose p ^ (1, 0, 0, 0) and p e (X2 = = 0). Then vi = and V2 ^ 0. Thus 
I(Z/)px{o} — (i'^S s) and hence ep{L)p = ri. 

Suppose p ^ {X2 = X3 = 0). Then = and hence Tpx{o}{L) ~ {t^^, s). Thus 
ep{L)p ^ r2. □ 

Lemma 3.10. Let C be a curve in P" which is contained in a hyperplane H = 
{Xn = 0) = P""i C P". Let F be the weighted flag i7°(P", Opr. (1)) determined 
by coordinates Xo,...,Xn and tq > ... > r„ = 0. Let F\h be the weighted flag of 
i?°(P"~^, C'p,.-i(l)) determined by tq > ... > r„_i and coordinates Xo,...,X„_i 
which is induced from that of F by restriction. Then ep{C) = ep\^{C). 

Let F' be the weighted flag of H'^(¥"^^,Opn-i{l)) determined by coordinates 
Xo,...,Xn-i and r'„ = ro - rn-i > r[ = ri - r„_i... > rl^_^ = r„_i - r„_i = 0. 
Then 




Proof. This is clear from the proof of Theorem 2.9 in [TT] . 



□ 
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3.3. Chow stability of irreducible curves. In this section, we discuss the Chow 
stability of irreducible curves of genus 4 and degree 6 in P'^. 

In the following, a cusp means a double point of a curve with one inverse point 
under the normalization map and an ordinary cusp means a cusp which is locally 
written by {y^ = x^). 

Lemma 3.11. Let C he a reduced, irreducible and nondegenerate curve of genus 4 
and degree 6 inV^ . Assume that C has at most nodes, ordinary cusps, and tacnodes 
as its singularities. Then there is no line L (Z such that deg Pl{C') — 1 where 
Pl is the projection with center L. 

Proof. Suppose that there is a line L C P"^ such that deg Pl(C) = 1. Then, 
by composition of Pi, and the normalization C — > C, we have a regular morphism 
ttL : C ^ P^ of degree 1. Then, by Hurwitz's theorem, g{C) = 0. Since dega^ — 1, 
every singular point of C lies on L. Because degC = 6 and C is nondegenerate, C 
has at most two double points. So the only possible case is that C has two tacnodes 
and L passes through the tacnodes p, q and another point r E C . Let pi, P2 G C 
be the inverse image of p. Choose coordinates Xq,..., so that X2, vanish to 
order > 2 at pi and p2. Let L is the line defined by X2 — X^ — 0. By the degree 
consideration, we can see that L does not coincide with L. Let H be the plane 
determined by L and L . Then the number of points in n C is greater than or 
equal to 7 with multiplicity. This contradicts the degree assumption. □ 



Theorem 3.12. Let C be a reduced, irreducible, and nondegenerate curve of genus 
4 and degree 6 in . Assume that C has at most nodes, ordinary cusps, and 
tacnodes as its only singularities. Then C is Chow semistable. Moreover C is 
strictly Chow semistable if and only if C has a tacnode and there is a hyperplane 
H meeting with multiplicity 3 at each inverse point of the tacnode in C where C is 
the normalizaion of C . 

Proof. Consider a weig hted flag F of i7°(p3, Ops (1)) determined by a filtration 
H^{¥^ , 0113(1)) = Vo D • • • D V3 where each 1^ is a vector space of dimension A — i 
and a set of integers r^ > • ■ ■ > r^ — Q such that ~ ^- Since C has at most 
double points, ei < 2. From the previous Lemma l3.1H 62 < 4. Clearly, cq = and 
63 = 6. Thus, by Theorem 12.61 we have the following inequality: 



ei^(C) < (ro - ri)(eo + ei) + (ri - r2)(ei + 62) + (r2 - r3)(e2 + £3) 

= ei(ro — ^2) + 62?™! + e3r2 < 2(ro — r2) + 4ri + 6r2 — Ak — 2ro. 



Note that 4k — 2ro > 3 ^ = 3A: if and only if ro < k/2. Hence if ro > k/2, then 
e_F(C) < 3A:. Therefore, we may assume ro < k/2. Consider the following diagram. 
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e 

eo = ei 2 62 4 63 = 6 



Since the twice of the area in the first quadrant bounded by joining the pairs 
of points (es;,rsj and (es^+i , J is < 3A;, we have epiC) < 3k. Therefore, C 
is Chow semistable. Note that the equality holds if and only if ei = 2, 62 = 4, 
ro = k/2, n = k/3 and = k/6. 

If 62 = 4, the map C induced from the projection defined by V2 gives a 

morphism C —>-V^ oi degree 2. Thus we can conclude that if the normalization C 
of C is nonhyperelliptic, C is Chow stable. 

Now we only need to consider the case ei = 2, 62 = 4, ro = 3, ri = 2, r2 = 1, 
rs = 0. Letp= (1,0,0,0). 

Case 1. Cn (X3 = 0) ^ 6p: 

Let C n (X3 =0) = + X] '^iPi where a ^ 6. Then ei?(C) < roa + ri ^ = 
3a + 2J2a^ = ^2 + a<17 <18 = 3J2n. 

Case 2. Cn (X3 = 0) = 6p: 

Since ei = 2 and 62 = 4, p is a node or tacnode. Let C be the normalization C. 
Letpi,p2 be the inverse points of p in (7. Let X((7)p^x{0} = (t^,t^s"Sis''^,s'^i) and 
2^(C)p2x{o} = (^^,^2s"^^6''^s^=). Then ci + C2 = 6. Since 62 = 4, min(6i,ci) + 
min(62, C2) = 4. 

Case 2.1 p is a nodal point of C: 

Since y» is a nodal point, we may assume that min(5i, ci) = 1 and min(62, C2) = 
3. Thus J(C)pix{o} > (i^,is,s^i) and J(C)p, x{o} > (t^, i^s, s^^). Hence we get 
eF{C)p, < 3 + ci and ep{C)p., < 3 + 2c2. Therefore epiC) = epiQp^ +eF{C)p^ < 
(3 + ci) + (3 + 2c2) = 12 + C2 < 17 < 18 = 3^ri. 

Case 2.2 p is a tacnode: 

In this case min(6i, ci) = min(fe2, C2) = 2. 

If ci=2 and C2 = 4, I(C)pjx{o} > (i^>s^) and Z(C)p2x{o} > and 
hence epiC) = ep{C)p^ + ep{C)p^ < 6 + 10 = 16 < 18 = 3^^- 



ro > 



CHOW STABILITY OF CURVES OF GENUS 4 IN 



11 



Suppose ci = C2 = 3 i.c vanish to order 3 at pi, p2- Since min(6i,ci) = 
min(62,C2) = 2, X2 vanish to order 2 at pi, p2- Hece, by Lemma [2.41 epiC) — 
^f{C)pi + gf{C)p2 ^ 9 + 9 = S^r^. Thus, this is the only case such that C is 
strictly Chow semistablc. □ 

Proposition 3.13. Let C C be a curve of degree 6. If C has a cusp which is 
not ordinary, then C is Chow unstable. 

Proof. Let C be a normalization of C and p C he the inverse image of the cusp. 
We can choose Xq,...,X^ in H'^ , Opa {!)) so that Xi, X2, X^ vanish at p and 
X2, X^ vanish at p to order > 5. Let tq — 5, ri = 3, r2 — r^ = 0. Then 
ep(C) = eF{C)p > 25 > 3^r, = 24 by Lemma [2H □ 

3.4. Chow stability of nonreduced curves. In this section, we study the Chow 
stability of noreduced curves in P'^ of degree 6. We show that the only nonreduced 
Chow semistable curve whose Chow form lies on Chow4_i is of the form 2Ci where 
Ci is a twisted cubic curve in P"^. Since every twisted cubic curve in P"^ is projec- 
tively equivalent, this shows that there is only one point in Chow4 1//SL4 which is 
represented by a nonreduced curve. 

Lemma 3.14. Let C C P'^ fee a curve of degree 6 with a singular point of multiplicity 
at least 3. Then X is not Chow stable. Furthermore, if C has a point of multiplicity 
at least 4, then it is Chow unstable. 

Proof. Let p G C be a point of multiplicity at least 3. Take coordinates Xq,...,X3 
so that p = (1,0, 0, 0) and let tq = 1, ri = r2 = r^ = 0. Let F be the associated 
weighted flag. Let 2 be the ideal sheaf of Oxxa^ defined by 

1 ■ [Cc(l) ® Of^i]—the subsheaf generated by t^^Xi [i — 0, 3). 

ThenXpx{o} = (^j ^^p)C'cxAi,px{o} is the maximal ideal of OcxAi.pxfo}- Hence 

epiC) = eF{C)p = mult(p,o)(C x A^) = multpC >i^iY.n. 

□ 

Lemma 3.15. Let C C P'^ be a curve of degree 6. Suppose C = Ci + nC2 where 
C2 is an irreducible curve and n > 2, and Ci and C2 have no common components. 
Then C is not Chow stable. 

Proof. Choose p € Ci n C2 . By Lemma 13.141 we may assume that Ci and C2 are 
smooth at p. Take coordinates Xq,...,X^ so that p = (1, 0, 0, 0) and let ro — 1, ri — 
r2 = = 0. Let F be the associated weighted flag. Then 

eF{C) > eF{Ci)p + neFiC2)p > 1 + 2 = 3 = Sj^r,. 

□ 

Theorem 3.16. Every Chow semistable curve whose Chow form lies on Chow4^i 
is reduced except double curves supported on a twisted cubic curve. 

Proof. Let C be a nonreduced Chow semistable curve of degree 6 whose Chow form 
lies on Chow4_i. 

Suppose that C = nCi for a reduced curve Ci in P"^ and n > 2. From Lemma 
13.141 we can see that Ci is a smooth curve. If n > 2, then degCi = 2 or 1 and 
hence C is degenerate. Since every degenerated curve is unstable, we can conclude 
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that n — 2. If Ci is a smooth cubic curve which is not a twisted cubic curve, then 
it is degenerate. Hence Ci is a twisted cubic curve. 

Assume that C = nCi+C2 for some reduced curve Ci and n >2. Let p £ CinC2. 
By Lemma l3.14[ we can see that n = 2 and Ci , C2 are smooth at p. Thus deg Ci — 1 
and degC2 = 4, or degCi = degC2 ~ 2. We will consider these two cases. 

Case 1. degCi = degCa = 2: 

Suppose that Ci meets C2 transversely at p. Take coordinates Xq^.-jX^ so that 
p = (1,0,0,0), (X3 = X2 = 0) is the tangent line of Ci at p, and (X3 = Xi = 0) 
is the tangent line of C2 at p. Let ro = 2, ri — 1, r2 — — 0. Let F be the 
associated weighted flag. Then J(Ci)px{o} = (^^j^S;*^) and X(C2)px{o} — (^^js). 
Hence eF(Ci) > e_F(Ci)p = 4 and eF(C2) > eF(C2)p = 2. Therefore 

eF(C) = 2eF(Ci) + eF(C2) >2-4 + 2=10>9 = 3^r,. 

This contradicts the assumption. 

Assume that Ci and C2 have a common tangent line at p. Take coordinates 
Xq,...,X^ so that p — (1,0,0,0) and {X2 = X^^ = 0) is the common tangent line 
at p. Let To = 2, ri — 1, r2 ~ ~ 0. Then 2r(Ci)px{o} = {^"^^^8,3^) and 
2:(C2)px{0} = (^^^s,s2). Hence epiCi) > eF{Ci)p = 4 and eF(C2) > eF(C2)p = 4. 
Therefore 

eF(C) =2eF(Ci) + eF(C2) > 2-4 + 4= 12 >9 = 3^r,. 
We have a contradiction. 

Case 2. degCi = 1 and degC2 = 4: 

In this case, Ci meets C2 transversely. In fact, suppose Ci is the tangent line of 
C2 at p G Ci n C2. Take coordinates Xo,...,X3 so that Ci = (X2 = X3 = 0) and 
p — (1,0,0,0). Let ro — 2, ri = 1, r2 = 7-3 = 0. Let F be the associated weighed 
flag. Then I(C2)px{o} = i't'^ :'ts, s^) where v >2 and hence eF(C2) > 4. Moreover, 
eF(C'i) = fo + ri = 3 by Lemma 13.81 Therefore we have 

eF(C) = 2eF(Ci) + eF(C2) > 10>9 = 3^r,. 

This contradicts the assumption. 

The number of points in Ci fl C2 is less than or equal to 2. Indeed, suppose the 
number of points in Ci nC2 is greater than or equal to 3. Take coordinates Xq,...,X3 
so that Ci = {X2 = X3 = 0) and p = (1, 0, 0, 0). Let ro = 1, n = 1, r2 = rg = 0. 
Let F be the associated weighted flag. Then epiCi) = 2 and eF(C'2) > 3. Hence 

eF(C) = 2eF(Ci) + eF(C2) >7>6 = 3^r,. 

We have a contradiction. 

Since C lies in a quadric surface in P'^, we have the following three subcases. 

Case 2.1. C is contained in the union of two hyperplanes: 

Let H be the hyperplane containing C2. Since C is nondegenerate, Ci is not 
contained in H and hence Ci meets C2 at exactly one point p. Take coordinates 
A:o,...,A:3 so that H ^ {X3 = 0), Ci = {Xi = X2 ^ 0) and p = (1,0,0,0). Let 
tq — ri — r2 — 1 and r3 — 0. Let F be the associated weighted flag. Then 
epiCi) = 1 by Lemma \3l9\ and eF(C'2) = 8 by Lemma [2T2l Hence 

epiC) = 2eF(Ci) + eF(C2) = 10 > 9 = 3^r,. 
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We have a contradiction. 

Case 2.2. C lies in a smooth quadric surface Q: 

Let Ci = (0, 1) and C2 = {a, b) as divisors of Q. Since the degree of C2 is 4, 
a + b^A. 

Suppose Ci meets C2 at exactly one point. Then a — I and 6 = 3. Thus 
C = 2Ci + C2 = (1,5) and hence g{C) = 0. This contradicts the assumption. 

Assume that Ci meets C2 at two distinct points. Then a = b = 2. Thus 
C — 2Ci + C2 = (2,4) and hence g{C) — 3. This gives us a contradiction. 

Case 2.3. C lies in a quadric cone Q: 

Since C2 is not plane curve with degC2 = 4, we get g{C2) ~ 1. Let tt : Q ^ Q 
be the blowing up of Q at the singular point q of Q. Then Q is a smooth surface. 
Let C = 71*0, Ci = 7r*Ci and C2 — Tr*C2- Since Ci is a line, it passes through 
the singular point of Q. Hence Ci ~ Ci + E where Ci is the proper transform 
of Ci and E is the exceptional curve. Since Kq — h*Kq and Kq = Oq{—2), 

Kq ■ (Ci + E) ^ t:*Kq ■ 7r*Ci = -2. Hence Kq ■ Ci ^ -2. By the adjunction 
theorem, = 0. Thus 

g{2Ci) = 2g{Ci) + Cl - 1 = {Ci + Ef - 1 = Cf + 2Ci ■ E + E^ - 1 = -1 
since g{Ci) = 0, = -2, and Ci • S = 1. Therefore 

giC) = g{2Ci) + g{C2) + 2(7i • (72 - 1 = -1 + 1 + 2Ci • C2 - 1 = 2(7i • C2 - 1 < 3 

since the Ci meets C2 in at most 2 points. We have a contradiction. 

In all, we proved the Theorem. □ 

3.5. Chow stability of curves with two components. Now we consider a genus 
4 stable curve C consisting of two smooth components Ci and C2. Then \ijJc\ is 
base point free (resp. very ample) if and only if Ci meets C2 in at least two points 
(resp. three points and C is not in the closure of the hyperelliptic locus) [3] [lO] . 

Lemma 3.17. All stable curves of genus 4 in the boundary divisor §2 are identified 
in Chow4,i//SL4. 

Proof. Let 82^ be the locus of curves C in the boundary divisor 82 such that C = 
Cl + C2 where Ci, C2 are smooth curves of genus 2. Then the image of C under 
the linear system \ujc\ after blowing up at the base point p = Ci fl C2 is a curve 
D = 2(Li + L2 + L3) where Li is a line for i = 1, 2, 3, Li and L2 generate a plane, 
L2 and is generate another plane. 



We note that, in Chow4^i//SL4, all hyperelliptic curves are identified to the point 
which is represented by double curves supported on a twisted cubic curve. 
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Let C be a curve in 82^] (the closure of hyperelliptic locus). Then there is a flat 
family C — > i? of curves parametrized by a smooth curve B such that the fiber Co 
over e i? is equal to C and the generic fibers are hyperelliptic. Since the generic 
fibers are identified to a point in Chow4^i//SL4 and GIT quotient is projective, C 
is replaced by the same point. 

Let C be a curve in 82^ ■ Then there is a flat family C — > B of curves parametrized 
by a smooth curve B such that the fiber Cq over G B is equal to C and the generic 
fibers are smooth. The canonical image of C forms a family D —> B of curves in 
with fiber Dq over equal to a curve of type D and the generic fibers are 
nonhyperelliptic smooth curves in P'^. Since all curves of type D is projectively 
equivalent, by an automorphism in P'^, we get a new family V ^ B oi curves in P^ 
such that the fiber D'q over is the canonical image of a curve in 62^) (the closure 
of hyperelliptic locus). We know that the semistable model of D'q is a double curve 
supported on a twisted cubic curve. Since the two families T) and T)' are projectively 
equivalent, we can see that the semistable model of Dq is the same as that of Dq. 

Let C be a curve in 62- Then we have a flat family C B parametrized by a 
smooth curve B such that the fiber Cq over G i? is equal to C and the generic 
fibers are in 62- Since the generic fibers are identified to a point in Chow4^i//SL4 
and GIT quotient is projective, Co is replaced by the same point. □ 

Suppose that Ci meets C2 in at most two points. We note that an elliptic tail 
in a stable curve of genus 4 is replaced by a curve with a cusp by Theorem I3.I2[ 
and that all stable curves of genus 4 in the boundary divisor 62 are identified in 
the moduli space of Chow semistable curves of genus 4 in P'^ by Lemma 13.171 An 
elliptic bridge in a stable curve of genus 4 is replaced by a curve with a tacnode. 
The following figure shows these correspondences. 



M4 



Chow4^i//SL4 



1 




replaced by 




(elliptic tail) 



(cusp) 




identified to a double curve supported 



1 





replaced by 



2 

(elliptic bridge) 



(tacnode) 



Therefore, it remains to consider the cases when Ci meets C2 in at least three 
points. In this case, C is one of the following types. 
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TypeI Ci meets C2 transversely at 3 points, g{Ci) ~ 1, and giC^) — 1- 

We call this curve as a 3-pointed elliptic tail. 
Type2 Ci meets C2 transversely at 3 points, g{Ci) — 2, and 5(6*2) = 0. 
Type3 Ci meets C2 transversely at 4 points. 

In this case, g{Ci) = 1 and g{C2) = 0. 
Type4 Ci meets C2 transversely at 5 points. 

In this case, g{Ci) = g{C2) = 0. 

Proposition 3.18. Let C be a curve 0/ TypeI. Then C is Chow semistable. 

Proof. As a curve in P'^ which is embedded by \ujc\, Ci, C2 are curves of degree 3 
which are contained in hyperplanes Hi, H2 respectively. Moreover all intersection 
points are contained in the line Hi n H2 ■ 

Let F be the weighted flag determined by rp > • • • > ra = and Xo,...,X3^ 
i?°(p3,Op3(f)). Let L ■= {X2 =X3 = 0). 

Case 1. H, ^ {X3 = 0) for i = 1,2: 

Suppose Hi n H2 = L. Then Ci D {X3 — 0) consists of three distinct points for 
1=1,2. Hence ep{Ci) < tq + 2ri for i = 1,2 by Remark 13.41 Therefore 

epiC) = epiCi) + eF{C2) < (ro + 2ri) + (ro + 2ri) < 3 ^ r,. 

Assume Hi n H2 ^ L. Then we may assume that L is not contained in Hi. 
Hence there is at most one point in Ci H (X3 = 0) which is contained in L. In 
particular, L is not the tangent line at any point of Ci. If there exists a point p in 
Ci n {X^ = 0) which lies on L, then 

since L is not the tangent line of Ci at p, and hence ei?(Ci)p < + W3?'2. Therefore 
ei.(Ci) = eF{Ci)p + eF{Ci)p < ro + 3r2. 

Thus epiC) ^ epiCi) + eF{C2) < (ro + Srs) + (ro + 3ri) < 3 ^ r,. 
Case 2. Hi = {X3 = 0): 

Let F' be the filtration of Hi = associated with weights r'g — ro — r2,r'i — 
ri — r2 , r2 = r2 — r2 = and with coordinates Xo , Xi , X2 which are induced from 
F. Then, by Lemma [3T0l 

ep^Ci) - 2(ro + ri + r2) = ep. (Ci) - 2(r^ + r'l + r^) - ej.. (Ci) - (2ro + 2ri - 4r2). 
Hence ep{Ci) — epi{Ci) + 6r2 . 

Case 2.1. Hir\H2^L: 

Then eF'(Ci) < r'^ + Sr'j = ro + 3ri — 4r2 by Remark 13.61 Since there exists at 
least one points in C2 n (X3 — 0) which does not lie on L, we have ep{C2) < ro + 2r2 
by Remark O Thus 

epiC) = ei.(Ci) + ei.(C2) < (ro + 3ri + 2r2) + (ro + 2r2) 

= 2ro + 3ri+4r2<3^r,. 

Case 2.2. Hir\H2^L: 



16 



HOSUNG KIM 



Since d meets L at three distinct points for i=l,2, we have e_F'(Ci) < rQ + 2r[ = 
ro + 2ri — 3r2 by Remark 13.61 and eF{C2) < ro + 2ri by Remark 13.41 Hence 

epiC) = epiCi) + eF(C2) < (ro + 2n + Sra) + (ro + 2ri) 

= 2ro + 4ri +3r2 < 3^r,. 

In all, we showed that C is Chow semistable. Moreover, in the proof of Theorem 
13.201 we can conclude that C is strictly Chow semistable □ 

Let Ci = Li^i + Li^2 + -^1,3 and C2 = -Zj2,i + -^^2,2 + -^^2,3 where each L^.j is a 
line. Suppose that Ci is contained in a plane Hi and the three lines Ln, Li 2, 
Li^T, intersect at a point qi for each i = 1,2. Suppose that Li j and L2.j meet at 
Pj for j = 1,2,3. Let C = Ci + C2. It is well known to experts that C is Chow 
semistable(ref. section 11.3 in [T]). And, by Lemma [3.14[ it is not Chow stable. 
Hence we have the following proposition. 

Proposition 3.19. Let C C be a curve as above. Then C is strictly Chow 
semistable. 

Theorem 3.20. All curves of TypeI are identified in the moduli space of curves 
of genus 4 inV^. 

Proof. Let C be a curve of TypeI. Choose coordinates Xq, Xi, X2, X^ so 
that Ci = [XoX^ ^ Xi{Xi - aiXo){Xi - 61X0), X3 = 0) and C2 = {XoXl = 
Xi{Xi — aiXo){Xi — biXo),X2 = 0). Consider one parameter subgroup X{t) — 
diag(i^^, t^^,t,t). Then the limit of C under the action A is the curve in Proposi- 
tion l3.l91 Any two curves of the type in Proposition l3.19l are projectively equivalent 
to each other and hence we get the proof. 



(general 3-pointed elliptic tail) |— I 

The proof of the above Theorem shows that any curve C of TypeI has a strictly 
Chow semistable flat limit by a one parameter subgroup. Thus C is not Chow 
stable and hence C is strictly Chow semistable. 

Now we consider a curve of Type2. 

Proposition 3.21. Let C CP^ be a curve o/Type2. Then C is Chow stable. 
Proof. As a canonical curve in P'^ embedded by \ujc\, we have degCi = 5 and 



degCa = 1. 

Let F be the weighted flag determined by Xo,...,X3 G H° {F^ , Ops {!)) and ro > 
• ■ • > ra = 0. Let L be the line defined by X2 = X3 = 0. Let Ci n {X3 = 
0) = SLi where Oi > I, J^o-i = 5, and qt ^ q-j for i ^ j. Then epiCi) = 
E,eF(Ci),,. 

If n = r2 = ra 0, epiC) = eF{Ci)p + eF{C2)p < 2ro < 3ro = Sj^^i 
where p — (1,0,0,0). If ro = ri = r2 = r, then epiC) = epiCi) + eF{C2) = 
&f{Ci)p + eF{C2)p < 5r + 2r < 9r = ^ r^. Hence we may exclude these two cases. 




1 
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Case 1. C2 = L: 

By Lemma [3^ eF(C2) = ro + ri. 

We may assume that Ci and C2 meet at qi for i = 1,2,3. 

Take i € {1,2,3}. Since Ci meets C2 transversally, v{X2) = 1 or v{Xs) = 1 
where v is the natural valuation on Oci.iji- So, if (7^ 7^ (1, 0, 0, 0) then Z(Ci)q.x{o} — 
(fi,r2s,s"0, and if = (1,0,0,0) then 2:(Ci),,x{o} = f^^s, s'^')- 

On the other hand, eFiCi)q. < air 2 for qi ^ L by Lemma l373l 

Case 1.1. q, ^ (1,0,0,0) for all i: 

Since Oi + 02 + 03 < 5 and > 1, we may assume Oi = 1. Thus ep{Ci)q-i — ri, 
e_F(Ci)g2 < ''I + a27'2, and eF{Ci)q^ < + a3r2. Hence 

epiC) = ep{Ci) + eF{C2) = ^ ep{Ci)q^ + ej. (C2) 

< {ri + {ri + a2r2) + {ri + a3r2)} + ^ 047-2 + (ro + ri ) 

i#l,2,3 

= ro + Ari +4r2 < 3^ri. 
Case 1.2 qi = (1,0,0,0): 

Suppose fli 1. Then eF{Ci)q^ = ro, ep{Ci)q^ < ri + a2r2, and ep{Ci)q^ < 
ri + a3r2. Therefore 

ep{C) = ep{Ci) + eF(C2) = ^f(^^)^^ + ^^^(^2) 

< {ro + (ri + a2r2) + (ri + a3r2)} + ^ air2 + (ro + ri) 

i#l,2,3 

= 2ro + 3ri+4r2 <3^ri. 

Suppose fli > 2. Then we may assume a2 — 1. Hence ep(C\)q^ < ro + air2, 
&p{C\)q^ < ri, and ep{Ci)qg < ri + a3r2. Therefore 

ep{C) = ep{Ci) + eF{C2) = ^ ep{Ci)q^ + ep{C2) 

< {(ro + air2) + ri + (n + a3r2)} + ^ air2 + (ro + ri) 

j#l,2,3 

= 2ro + 3ri + 4r2 < 3^ri. 
Case 2. C2 ^ L: 

By Lemma IXSl and [3?9l we have ei?(C2) < tq + r2. 

Suppose there exists i such that qi ^ L. Then ep^Ci) < ro + 4ri +r2 by Remark 
[QI Hence 

ej.(C) = ef^(Ci) +ej^(C2) < 2ro + 4ri +2r2 < 3^r,. 

In the last inequality, the equality holds if and only if r2 = and ro = ri = r. 
In this case, eF{Ci) < 4r by Remark 13.41 and ep{C2) < r by Lemma [3.91 Thus 
ep{C) < 5r < 6r 3^r,. 

Suppose C2 does not meet L. Then ep{C2) = r2 by Lemma l3^ Since ep{Ci) < 
ro + 5ri by Remark 13.41 we have 

epiC) ^ epiC'i) + epiC2) < (ro + 5ri) + r2 < 3 ^ r,. 
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In the last inequality, the equality holds if and only if ro ~ ri ~ r and r2 = 0. In 
this case, e_F(Ci) < 5r and eF{C2) — 0. Thus epiC) < 5r < 6r = 3 

In all, we may assume qi ^ L for all i = and C2 meets L. 

Since Ci meets C2 transversely at 3 points and C2 ^ L, we can see that C2 is 
not contained in (X3 = 0). Hence eF{G2) < ^'o by Lemma [3791 

Let H be the hyperplane which is determined by C2 and L. Since Ci meets C2 
transversely at three points and qi ^ L for all i = 1, ...,n, we have 

n 

'^^miii{v{X2),v{X^)\v the natural valuation on Oci.qi} < 3. 

In particular, n < 3. In fact, if not, the number of points m CiCl H is greater than 
or equal to 6. This contradicts the degree assumption. Hence we have the following 
three subcases. 

Case 2.1. n = 3: 

Let Ci n (X3 = 0) = fligi + 02^2 + 0393 where a,; > and ^ = 5. 

For each i, we have v{X2) = 1 or v{X^) = 1 where v is the natural valuation 
of Oci,9,. Hence, if ^ (1,0,0,0) then X(Ci)5,x{o} = (^1,^^5,3"'), and if = 
(1,0,0,0) then X(Ci),,x{o} = (^o, T^s, s'^-)- Therefore 

eF(C) -e;^(Ci) + ef(C2) 

< {(ro + air2) + [ri + a2r2) + (ri + azr2)} + rg 
= 2ro + 2ri + 5r2 < 3^r,. 

Case 2.2. n = 2: 

Let Ci n (X3 = 0) = fligi + 02(72 where > and oi + 02 = 5. 

We may assume min{w(X2), w(X3)|w the natural valuation on Oci.gi} = k < 2 
and min{w(X2), ^(Xs)!?; the natural valuation on Oci.gg} = 1- 

Suppose q2 = (1,0,0,0). Since qi ^ (1,0,0,0) and qi G i, the valuation of Xi 
of the natural valuation on 0(7^ is and thus J(Ci)g^x{o} — {t^^ ,t^^ s'^ , s"-^). On 
the other hand, X(Ci),2x{o} = (r«,r^s, 5"=). Therefore 

eF(Ci) = e_F(Ci)gi + e_F(Ci)g2 < (fcri + air2) + (ro + a2r2) = ro + fcri + 5r2. 

Hence ei.(C) = eF(Ci) + eF(C2) < 2ro + fcn + 5r2 < SY^r,. 

Assume 52 7^ (1,0,0,0). Since X(Ci),,x{o} > (^o, ^^s^ s'^O and 2:(Ci),, x{o} = 
(ri,r2s,s"2), we have 

eF(Ci) < (fcro + air2) + (ri + a2r2) = fcro + ri + 5r2. 

Thus eF(C') = ep{Ci)+ep{C2) < (fc+l)ro+ri+5r2 < 3X]''i- In the last inequality, 
the equality holds if and only ii k — 2, ri = r2 = 0. Now, let k = 2, ri = r2 = 0- If 
qi ^ (l,0,0,0),eF(Ci) =0. Ifgi = (1, 0, 0, 0), since X(Ci),, x{o} = (r° , s), we have 
epiCi) = ro- Therefore, in any case, epiC) = ep{Ci) + eF{C2) < + ro < 

Case 2.3. n = l: 

Let Ci n (X3 = 0) = 5qi. 

Then v{X2) < 3 where v is the natural valuation on Oci,iji ■ Thus X(Ci)gj x{o}> 
(r«,r^s3, s5) and hence eF(Ci) = ep{Ci)q, < 3ro + 5r2. Therefore 

ep{C) = eF(Ci) + eF(C2) < (3ro + 5r2) + ro = 4ro + 5r2. 
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Since e_F(Ci) < tq + 5ri, we have 

epiC) ^ epiCi) + eF{C2) < {ro + 5ri) + tq = 2ro + 5ri. 

Suppose 4ro + 5r2 > 3 ^ and 2ro + 5ri > 3 ^ . Then tq + 2r2 > 3ri and 
27'i > fo+37'2- Hence 2r'o+4r2 > 6ri > 3ro+9r2. Therefore ro+5r2 < 0. We have a 
contradiction. Hence eF(C') < 4ro+5r2 < 3X]^j oreF(C') < 2ro+5ri < 3X]''i- ^ 

Proposition 3.22. Let C be a curve o/Type3. Then C is Chow stable. 

Proof. Let Ci fl C2 — {pi,p2,P3,P4}- As a subvariety of P"^ embedded by \ujc\, 
degCi = 4 and degC2 = 2. Also Ci is nondegnenerate and C2 is contained in a 
hyperplane which is denoted by H. Since C2 C H and deg Ci = 4, we can see that 

Ci n H = pi + P2 + P3 + P4- 

Let F be the weighted flag determined by coordinates Xo,...,Xs and tq > • • ■ > 
ra = 0. Let L := {X2 = X3 = 0). 

Case 1. H ^ {X3 = 0): 

Suppose L C H. Since Ci n = pi + p2 + + P4, for a point p G Ci which 
Ues on L, we have u(Ar2) = 1 or v^X^) = 1 where w is the natural valuation on 
Oci,p- Since C2 is irreducible, the number of points in {pi,P2,P3,Pi} lying on L is 
less than or equal to 2. Since Ci fl (X3 = 0) n L C Ci n if, there exists at most 
two distinct points in Ci fl (X3 — 0) lying on L. Let p be a point in Ci which lies 
on L. Up= (1,0,0,0) then2:(Ci)px{o} > (t''° , f^^s, T^), and ii p ^ (1,0,0,0) then 
^(Ci)px{o} > (rsr^s,r3). Hence 

eF(Ci) = eF{Ci)p + J2 eF{Ci)p < To + ri + 4r2. 

Therefore 

epiC) = eF(Ci) + e^lCa) < (ro + n + 4r2) + (ro + 2ri) 
= 2ro + 3ri +4r2 < 3^r,. 

In the last inequality, the equality holds if and only if ro = ri = r2 = r. In this 
case, epiC) = epiCi) + eF{C2) = 4r + 2r < 9r ^Sj^n- 
In all, we may assume L ^ H . 

Suppose C2 n {X3 — 0) — p + q where p ^ q. Since C2 is contained in H, at least 
one oi p, q does not lie on L, and thus ei?(C'2) < ro + r2 by Remark 13.41 

Assume C2 n {X3 = 0) = 2p. Since C2 C H and L ^ we get v{X2) = 1 where 
V is the natural valuation of Oc2,p- Thus 2r(C2)px{o} > {t^° ,t'^'^s,s'^) and hence 
eF(C2) <ro + 2r2. 

Therefore, in any case, 

ep{C) = ep{Ci) + ep{C2) < (ro +4ri) + (ro + 2r2) = 2ro + 4ri + 2r2 < 3^r,. 

In the last inequality, the equality holds if and only if ro = ri = r and r2 = 0. In 
this case, ep{C) = ep{Ci) + ep{C2) = 4r + r = 5r < 6r = 3 X) 

Case 2. H ^ (X3 = 0): 

Clearly Ci n {X3 ~ 0) = _pi +_P2 +P3 +P4- Since C2 is irreducible and deg C2 = 2, 
any three points in {pi,P2,P3,P4} does not lie on L. Hence ep{Ci) < ro + ri + 2r2. 
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Let F' be the weighted filtration of Hi = with weights = ro — r2,r[ = 
ri — r2, = r2 — r2 = and coordinate system Xq, Xi, X2 which is induced from 
that of F. Then, by Lemma [3. 101 

(C2) - ^(ro + ri + rj) = e^'lCa) ~ ^ W + r[ + r'^). 

Hence e_F(C2) = €^'(^2) + 4r2 < r'^ + 2r[ + At2 = + 2ri + r2 where the first 
inequahty comes from Remark 13.61 . Therefore 

eF{C) = eF(Ci) + (C2) < (ro + ri + 2r2) + (ro + 2ri + 2r2) 
= 2ro + 3ri+3r2 <3^r,. 

□ 

Let C be a curve of Type4. Then C is canonicaUy embedded in P'^ and, as a 
subvariety of P^, degCi = degC2 — 3 and Ci is nondegnenerate for i = 1,2. In 
this case, we have the fohowing Proposition. 

Proposition 3.23. Let C be a curve o/Type4. Then C is Chow stable. 

Proof. Let F be the weighted flag determined by Xo,...,X3 and ro > ■ ■ ■ > r^ = 0. 
Let L := {X2 ^ X3 = 0). 

If ri = r2 = rs = 0, epiC) = e_F(Ci)p + e_F(C2)p < 2ro < 3ro = 3 X] n where 
p = (1, 0, 0, 0). If ro = ri = r2 = r, then epiC) < 3r + 3r = 6r < 9r = 3 
Thus we may exclude these two cases. 

Suppose, for each i — 1,2, there exists a point in Ci D {X^ = 0) which does not 
lie on L. Then 

eF{C)=eF{Ci)+eF{C2) < (ro + 2ri + ra) + (ro + 2ri + ra) < 3 ^ r,. 

In the last inequality, the equality holds if and only if ro = ri = r and r2 — 0. In 
this case, eF{C) = eF(Ci) + £^((72) < 2r + 2r = 4r < 6r = 3 ^ r,. 

Thus we may assume that every point in Ci fl (X3 = 0) lies on L. 

Since Ci is nondegenerate, Ci fl {X3 = 0) = 2p + q for p ^ q, or Ci fl {X3 = 0) = 
3p. Let us consider these two cases. 

Suppose Ci n {X3 = 0) = 2p + q where p ^ q. Since degCi=3 , p and q lie on L, 
and Ci is nondegenerate, we can see that v{X2) = 1 where v is the natural valuation 
on Oci,p. If P = (1,0,0,0) then 2:(Ci)px{o} = [t^'o ,f^s, s^) and if p ^ (1,0,0,0) 
then 2:(Ci)px{o} = (r^ , T^^s, s^). Hence 

eF(Ci) = eF(Ci)p + eF{Ci)q < (ro + 2r2) + ri = (n + 2r2) + ro = ro + ri + 2r2. 

Suppose Cin(X3 = 0) = 3p. If L is the tangent fine of Ci atp, then I(Ci)px{o} > 
{f°,f^s'^,s^) and hence 

eF(Ci) < 2ro + 3r2. 

If L is not the tangent line of Ci at p, then X(Ci)px{o} > {t^" ^ t^^s, s^) and hence 

eF(Ci) < ro + 3r2. 

Suppose there exists a point in C2 n (X3 = 0) which does not lie on L. Then 
eF(C2) < ro + 2ri+r2. Since (ro+ri + 2r2) + (ro + 2ri+r2) = 2ro+3ri+3r2 < 3^r, 
and (2ro + 3r2) + (ro + 2ri + ra) = 3ro + 2ri + 4r2 < we get eF(C) = 

eF(Ci) + eF(C2) <3Er,. 

Assume that every point in C2 n {X3 — 0) lies on L. Then the same argument 
for Ci also holds for C2. Note that Ci and C2 can not have common tangent line 
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at any point. Since (ro + ri + 2r2) + (ro + ri + 2r2) = 2ro + 2ri + 4r2 < 3 X] '^ii 
(ro + ri + 2r2) + (2ro + 3r2) = 3ro + ri + 4r2 < 3 '^i and (ro + 3ri) + (ro + 3r2) = 
''o + 3ri + 3r2 < 3 ^ r^, we can see that epiC) = eF(Ci) + eF(C2) < 3 ^ r^. □ 

In all, we have the following theorem. 

Theorem 3.24. All three connected stable curves of genus 4 with two smooth com- 
ponents except 3-pointed elliptic tails are Chow stable. 

For the definition of three connectedness, we refer to [TU] . 
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